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Abstract

The diffusion LMS algorithm has been extensively studied in recent years. This efficient strategy allows to
address distributed optimization problems over networks in the case where nodes have to collaboratively estimate a
single parameter vector. Problems of this type are referred to as single-task problems. Nevertheless, there are several
problems in practice that are multitask-oriented in the sense that the optimum parameter vector may not be the same
for every node. This brings up the issue of studying the performance of the diffusion LMS algorithm when it is run,
either intentionally or unintentionally, in a multitask environment. In this paper, we conduct a theoretical analysis
on the stochastic behavior of diffusion LMS in the case where the so-called single-task hypothesis is violated. We
explain under what conditions diffusion LMS continues to deliver performance superior to non-cooperative strategies
in the multitask environment. When the conditions are violated, we explain how to endow the nodes with the ability
to cluster with other similar nodes to remove bias. We propose an unsupervised clustering strategy that allows
each node to select, via adaptive adjustments of combination weights, the neighboring nodes with which it can
collaborate to estimate a common parameter vector. Simulations are presented to illustrate the theoretical results,
and to demonstrate the efficiency of the proposed clustering strategy. The framework is applied to a useful problem

involving a multi-target tracking task.
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Multitask learning, distributed optimization, diffusion strategy, collaborative processing, stochastic performance,

adaptive clustering.
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I. INTRODUCTION

Distributed adaptive estimation is an attractive and challenging problem that allows a collection of interconnected nodes to
perform preassigned tasks from streaming measurements, such as parameter estimation. Although centralized strategies may
fully benefit from information collected throughout a network, in most cases, distributed strategies are more appropriate to

solve inference problems in a collaborative and autonomous manner [2].

Most recent efforts in the study of distributed estimation problems have focused on scenarios where the entire network
is employed to collectively estimate a single parameter vector. Several strategies have been proposed for this purpose for
sequential data processing over networks, including consensus strategies [3]-[9], incremental strategies [10]-[14], and diffusion
strategies [15], [16]. Diffusion strategies are particularly attractive due to their enhanced adaptation performance and wider
stability ranges when constant step-sizes are used to enable continuous learning [17]. For this reason, we focus on this class of
strategies in the remainder of the article. These strategies estimate a common parameter vector by minimizing, in a distributed
manner, a global criterion that aggregates neighborhood cost functions. Nodes exchange information locally and cooperate only
with their neighbors, without the need for sharing and requiring any global information. The resulting networks benefit from
the temporal and spatial diversity of the data and end up being endowed with powerful learning and tracking abilities [17],
[18]. Depending on whether the adaptation step is performed before or after the consultation step, two forms of diffusion can
be derived: the adapt-then-combine (ATC) and the combine-then-adapt (CTA) strategies. The performance of the corresponding
adaptive networks have been extensively studied in the literature, under favorable and unfavorable conditions such as model
non-stationarities and imperfect communication [19], [20]. This framework has also been extended by considering more general
cost functions and data models [18], [21]-[23], by incorporating additional regularizers [24]-[26], or by expanding its use to
other scenarios [27]-[30].

The working hypothesis for these earlier studies on diffusion LMS strategies is that the nodes cooperate with each other
to estimate a single parameter vector. We shall refer to problems of this type as single-task problems. However, many
problems of interest happen to be multitask-oriented in the sense that there are multiple optimum parameter vectors to be
inferred simultaneously and in a collaborative manner. The multitask learning problem is relevant in several machine learning
formulations and has been studied in the machine learning community in several contexts [31]-[33]. Recently, this concept
has also been studied in the context of distributed estimation and adaptation over networks [34]. Due to inaccurate modeling,
or minor differences between tasks neglected intentionally, there may be situations in which the diffusion LMS algorithm is
applied in a multitask environment. When these situations occur, the distributed implementation will lead to biased results
that may be acceptable depending on the application at hand. This biased solution may still be beneficial compared to purely
non-cooperative strategies provided that the local optimums are sufficiently close to each other. These observations motivate us
to examine the performance of the diffusion LMS strategy when it is run, either intentionally or unintentionally, in a multitask
environment. In this respect, we shall analyze the performance of the diffusion LMS in terms of its mean weight deviation and
mean-square error in the case when the single-task hypothesis is violated. We shall also clarify under what conditions diffusion
LMS continues to deliver performance superior to non-cooperative strategies in the multitask environment. When the conditions
are violated, we shall explain how to endow the nodes with the ability to cluster with other similar nodes to remove the bias.
In particular, we shall propose an unsupervised clustering strategy that allows each node to select, via adaptive adjustments of
combination weights, the neighboring nodes with which it should collaborate to improve its estimation accuracy. In the related

work [34], we formulate the multitask problem directly over networks with connected clusters of nodes. In that work, the



clusters are assumed to be known beforehand and no clustering is proposed. We then derive extended diffusion strategies that
enable adaptation and learning under these conditions. In the current work, on the other hand, the clusters are not assumed to be
known. It then becomes necessary to examine how this lack of information influences performance. It also becomes necessary
to endow the nodes with the ability to identify and form appropriate clusters to enhance performance. One clustering strategy
was proposed in the earlier work [35]; its performance is dependent on the initial conditions used by the nodes to launch their
adaptation rules. In this work, we provide a more general formulation and propose a more robust clustering strategy. We also
provide a detailed performance analysis to support the conclusions.

This paper is organized as follows. Section II formulates the distributed estimation problem for multitask learning, and briefly
introduces the diffusion LMS algorithm. Section III analyzes the theoretical performance of this algorithm in a multitask-oriented
environment, in the mean and mean-square-error sense. Section IV introduces an unsupervised clustering strategy. In Section V,
experiments and applications are presented to illustrate the performance of the approach. Section VI concludes this paper and

gives perspectives on future work.

II. MULTITASK PROBLEMS AND DIFFUSION LMS

Before starting our presentation, we provide a summary of some symbols used in the paper. Normal font letters = denote
scalars. Boldface small letters = denote vectors. All vectors are column vectors. Boldface capital letters X denote matrices.
The superscript () represents the transpose of a matrix or a vector. Matrix trace is denoted by trace{-}, Kronecker product
is denoted by ®, and expectation is denoted by E{-}. Identity matrix of size N x N is denoted by I 5. We denote by N}, the
set of node indices in the neighborhood of node k, including k itself, and |A}| its cardinality. The operator col{-} stacks its
vector arguments on the top of each other to generate a connected vector. The other symbols will be defined in the context

where they are used.

A. Modeling assumptions and Pareto solution

We consider a connected network composed of N nodes. The problem is to estimate L x 1 unknown vectors wj; at each node k
from collected measurements. Node & has access to temporal wide-sense stationary measurement sequences {d(n), zx(n)},
with dj(n) denoting a scalar zero-mean reference signal, and x(n) denoting an L X 1 regression vector with a positive-definite

covariance matrix R, , = E{xx(n)z; (n)} > 0. The data at node k are assumed to be related via the linear regression model:
di(n) =, (n) wi + 21 (n) ()

where zi(n) is a zero-mean i.i.d. additive noise at node k and time n. Noise zx(n) is assumed to be independent of any other

signals and has variance ai - Let Ji(w) denote the mean-square-error cost at node k, namely,
Ji(w) :E{\dk(n)—w;(n)wp}. (2)

It is clear from (1) that each Ji(w) is minimized at w}. Depending on whether the minima of all the Ji(w) are achieved at
the same location or not, referred to as tasks, the distributed learning problem can be single-task or multitask oriented [34].

In a single-task network, all nodes have to estimate the same parameter vector w*. That is, in this case we have that

wp =w*, Vke{l,..,N} 3)



Diffusion LMS strategies for the distributed estimation of w* under this scenario were derived in [2], [15], [16], [36] by

seeking the minimizer of the following aggregate cost function:

N
JE(w) = Ji(w) @)
k=1

in a cooperative manner in order to improve estimation accuracy. In a multitask network, on the other hand, each node needs
to determine its own parameter vector wj;. It will be assumed that some similarities or relationships exist among the parameter

vectors of neighboring nodes so that cooperation can still be meaningful and useful, namely,
wj ~wj if £ € Ny, %)

where the symbol ~ represents a similarity relationship in some sense, which can be promoted using appropriate regulariza-
tion [34]. Since each cost function Ji(w) may not be minimized at the same location, the minimizer of the aggregate cost (4)
can be shown to correspond to a Pareto optimum solution for the multi-objective optimization problem [21]. That is, there
would not exist another vector w that is able to reduce any individual cost without increasing some of the other costs [37].

Diffusion LMS thus leads to a compromise for the entire network.

B. Diffusion LMS
The diffusion LMS algorithm was originally designed for minimizing the cost function (4) in an adaptive and distributed
manner [15], [16], [36], [38]. Let wy(n) denote the estimate of the minimizer of (4) at node & and time instant n. The general

structure of the algorithm consists of the following steps:

dr(n) = > armwe(n) (6)
LEN,
Pr(n+1) = o (n) + i Y conme(n)[de(n) -/ (n)dy,(n)] ()
éeNk
wi(n+1)= > agentpe(n+1) (8)
LEN

The non-negative coefficients a1 ¢k, ag.¢r and cgy are the (¢, k)-th entries of two left-stochastic matrices, A; and Ay, and a

right-stochastic matrix C), that is,

Ally =15, AJly =1y, Cly =1y o
aioe =0, agep =0, ¢, =0 if (&N

Several adaptive strategies can be obtained as special cases of (6)—(8) through appropriate selections of A;, Ay and C'. For
instance, setting A; = Iy yields the so-called adapt-then-combine (ATC) diffusion LMS. Setting As = Iy leads to the
combine-then-adapt (CTA) diffusion LMS. By setting A; = Ay = C = Iy, the algorithm degenerates to non-cooperative
LMS that will be considered in the sequel for comparison purposes.

When applying ATC diffusion LMS without information exchange, that is, with C' = Iy, the agents converge toward the
Pareto optimum with a bias of the order O(fimax), Where fimayx denotes the largest step size parameter across all nodes [21].
In this paper, rather than focus on this convergence point that can be perceived as a compromise, we shall study analytically
how diffusion LMS (6)—(8) behaves in a multitask environment in relation to the optimum vectors wj. Moreover, in order to

generalize the analysis, we shall consider drifting optimums around a fixed value wj, namely,

wi(n) = wi + ex(n) (10)



where € (n) is a zero-mean random perturbation independent of any other signal, with zero-mean and covariance matrix 062’ cdr.
Even if w; = wj for all k£ and ¢, it is important to note that the problem is still multitask-oriented due to the random
perturbations €, (n) and €;(n). The formulation (10), with a possible different w3, across the nodes, makes the problem
formulation different from the analysis of diffusion LMS in a non-stationary environment [20]. Under (10), model (1) is

replaced by

di(n) = x| (n) wi(n) + z1(n) (1)

III. PERFORMANCE ANALYSIS OF DIFFUSION LMS FOR MULTITASK NETWORKS

We collect information from across the network into block vectors and matrices. In particular, we denote by w(n), w* and
w*(n) the block weight estimate vector, the block optimum mean weight vector, and the instantaneous block optimum weight

vector, all of size LN x 1, that is,

w(n) = col{wi(n),...,wy(n)} (12)
w* = col{wy,...,wy} (13)
w*(n) = col{wi(n),...,wxy(n)}. (14)

The weight error vector for each node k at iteration n is defined by
v (n) = wi(n) — wi(n). (15)

Let

vi(n) = wi(n) — wj (16)

be the weight error vector between the estimated weight vector wy,(n) and the fixed weight vector w}. The following relation

holds

vg(n) = vi(n) — €x(n) (17)

This relation enables us to derive recursions with respect to v7(n), and then get back to v (n). The weight error vectors vg(n)

and v} (n) are also stacked on top of each other to get the block weight error vectors:

v(n) = col{vi(n),...,vn(n)} (18)

v*(n) = col{vi(n),...,vN(n)} (19)

To perform the theoretical analysis, we introduce the following independence assumption.

Assumption 1: (Independent regressors) The regression vectors xj(n) arise from a zero-mean random process that is
temporally stationary, white, and independent over space with R, » = E{z\(n)z; (n)} > 0. [ |
A direct consequence is that x(n) is independent of v,(m) for all £ and m < n. Although not true in general, this assumption
is commonly used for analyzing adaptive constructions because it allows to simplify the derivation without constraining the
conclusions. Moreover, various analyses in the literature have already shown that performance results obtained under this

assumption match well the actual performance of adaptive algorithms when the step-sizes are sufficiently small [39].



A. Mean weight behavior analysis

Subtracting wj from both sides of the first step of diffusion LMS, namely equation (6), gives

bi.(n) —wi = > ayuwe(n) — wj (20)
[ENk

Defining A; = A; ® I, and using w} = wy(n) — vi(n), expression (20) can be expressed in block-based form as follows
#(n) —w* = Al v*(n) + (A] — Iny)w* @1

Note that the term (LA — Iy7)w*, which does not appear for single-task networks, is inherited from the multitask context.

The estimation error in the second step (7) of diffusion LMS can be rewritten as
de(n) =z (n)$(n) = &/ (n)(w] + €x(n)) + ze(n) — x] (n)py,(n)
= ze(n) — ] (n) (¢1,(n) — w}) + 2/ (n) &(n)

For single-task networks, (¢, (n) —w}) in the above expression reduces to (¢, (n) — wj) since wi = w} for all k, ¢. In the

(22)

multitask context, we can establish the following relationship:

b (n) —wi = (¢4(n) — wy) + (wi — wy)

(23)
= (¢p(n) — wi) + up,
where uj, is the difference between the fixed weight vectors wj and wj. Incorporating this expression into (22) yields:
de(n) —a; (n)gy(n) = ze(n) — 2/ (n) (¢x(n) — wi) — x/ (n) ufy + 2/ (n) er(n) 24)
Subtracting w3, from both sides of equation (7) and using the above relation, we have
Yr(n+1) —wj = (dr(n) — kY e xe(n)z) (n) (dy,(n) — wi) + pk > cono(n) ze(n)
LEN, LeN (25)
— Y conme(n)@] (n)uly + pk Y coxme(n)m] (n) eo(n)
LeENE LeENy,
Let us introduce the following N x NN block diagonal matrices with blocks of size L x L:
Uzdiag{,ulIL,...,,uNIL} (26)
H(n) = diag{ ¥ comma/(n),.... 5 cvamal ()}, @7)
LeENT LeNN
and the following vectors of length N L:
n) = col{ Z coxe(n)x] (n)upy, .. Z con xo(n)x) (n )u}N} (28)
LeENT LeENN
h.(n) = col{ Z conxo(n)zx) (n) e(n),. .., Z con xo(n)z) (n) Eg(n)} (29)
LeNL LeNN
p,.(n) = col{ Z co1 xe(n Z con ze(n )} (30)
LeN7 LeNN

Using the above notation and equations (21) and (25), the block weight error vector ¥(n + 1) can be expressed as
Wln+ 1) = w" = (Ing, = UH() (A] 0" (0) + (A] = Inp)w*) + Up.,(n) ~ Uhu(n) — he(n)) (D)
Let Ay = Ay ® I The combination step (8) of diffusion LMS leads to

wn+1)=A; Pp(n+1) (32)



Subtracting w* from both sides of the above expression, we get
v’ (n+1)=A, (Y(n+1)—w*)+ (A —Iyp)w* (33)

Again, note that the term (.A;r —In1) w* does not appear for single-task networks and is inherited from the multitask context.

Combing (31) and (33), we obtain the update relation for v*(n) in a single expression as follows:

v*(n+1) = Ay (Inr —UH(n)) A{v*(n) + A Up.,(n) — A U(hy(n) — he(n))

(34)
+ (A (Ini(n) = UHM)(A] = Inp) + (A] —Ing)) w*
In order to make the presentation clearer, we use the following notation for terms in expression (34):
B(n) = A; (In, — UH(n)) A (35)
g(n) = A; Up.,(n) (36)
r(n) = AJUhu(n) - AJUh.(n) = (A] (Iny, — UH(m)(A] = Iyp)+ (A] — Inp)) w* 37

Ty (1) re(n) 7w (n)

where the three terms that compose r(n) are denoted by r,(n), 7.(n) and 7, (n), respectively. Then, recursion (34) can be

rewritten as

v*(n+1) = B(n)v*(n) +g(n) — r(n). (38)
Let H be the expected value of H (n) given by
H =diag {R,, ..., Ry} (39)

in terms of the neighborhood covariance matrices:

Ry =) cuRay (40)
LEN},
Let h,, be the expected value E{h,(n)}, that is,
hu = COI{ Z CaRLg ’u,&, ey Z CgNvag ’u,;(\//} (41)
LENT LeNN

The independence assumption (Assumption 1), and the statistical properties of noise zj(n) and perturbations €x(n), lead us

to the following expected values for B(n), g(n) and r(n):

B=A, (I, —-UH) Al (42)
g=0 43)
r=A] Uhy~ (A](Iny ~ UH)(A] ~Inp) + (A — Iyp)) w* (44)

—_———

Tw

where r,, r. and r,, denote the expected values of r,(n), r.(n) and 7, (n), respectively. Note that the expected value r is

expressed as r = r, — r,, because r. = 0. Taking the expectation of both sides of (34), we get
E{v*(n+1)} = BE{v*(n)} —ry + 14 45)

Moreover, equation (17) tells us that

E{v(n+1)} = E{v*(n+1)} (46)



Theorem 1: (Stability in the mean) Assume data model (1) and Assumption 1 hold. Then, for any initial condition, the
diffusion LMS strategy (6)—(8) applied to multitask networks asymptotically converges in the mean if the step sizes are chosen
to satisfy

0< i < k=1,...,N A7)

2
Amax{ Rk}’
where Ay {-} denotes the maximum eigenvalue of its matrix argument. In that case, it follows from (45) that the asymptotic
mean bias is given by

E{v(0)} = (Inp — B) ' (=1 +74) (48)

Proof: Since the last two terms on the RHS of (45) are constant, the convergence of this recursion requires that the matrix
B be stable. As shown in [36], because A; and A5 are left-stochastic, A,;r (In, —-UH ).AlT is stable if the block diagonal

matrix Iy — UH is stable, which yields condition (47). |

Inspecting expression (48), we observe that the bias of diffusion LMS originates from the multiple local optimums wj (n) and
information exchange among neighbors. This means that, even though the algorithm converges toward the Pareto optimum
over multitask networks [21], the bias (48) can be large if the distance between the w} (n) is large, and if nodes cooperate to
estimate them. On the other hand, if nodes estimate parameter vectors wj (n) that are close to each other, this bias is close to 0
since —r,, + 1, characterizes the distances between the wj (n). In particular, if wj(n) = w*(n) for all k, then —r, +7,, = 0.
If there is no information exchange between nodes, that is, A; = Ay = C = I, we get —r, + 7, = 0. The algorithm is this

case operates in non-cooperative mode.

B. Mean-square error behavior analysis

Using Assumption 1, equation (38), and E{g(n)} = 0, the mean-square of the weight error vector v*(n + 1) weighted by

any positive semi-definite matrix 3 satisfies the following relation:

E{|lv*(n+ 1[5} = E{[lv* (n)|%} + trace {Z E{g(n)g" (n)}} + E{|lr(n)[3} - 2B{r" (n) SB(n)v*(n)}  (49)

where ' = E{B" (n) X B(n)}. In this expression, the freedom in selecting = will allow us to derive several performance

metrics. Let

G = E{g(n)g" (n)}

= A, UC' diag{o? Ry 1,..., 02 y\Ryn}CUA e
where C = C' ® I,. For the sake of clarity, let us introduce
F(r(n), 2 v* () = Ir(m) |3 — 277 (n) S B(n) v* (n). (51)
Relation (49) can then be written as
E{llv* (n + D%} = E{llv*(n) %} + trace {EG} + E{f(r(n), B,v*(n))}. (52)

Let vec{-} denote the operator that stacks the columns of a matrix on top of each other. Vectorizing both matrices ¥ and ¥’

by o = vec{X} and o’ = vec{X'}, it can be checked that



where K is the (NL)? x (NL)? matrix given by
K =E{B"(n)® B"(n)}
= (A1 A) ® (A1 A2) — (ALHU Ay) ® (A1 Az) — (A1 A2) @ (AL HU Ay) (54)
+ E{(A1H(n)UAy) ® (A1H(n)UAy)}
For sufficiently small step sizes, the effect of the fourth term on the second RHS of equation (54) can be ignored since it is
quadratic with respect to step sizes, {yxpte}. A reasonable approximate expression for K is then

K~B'®B' (55)

since it only differs from (54) by a term that depends on the square of the step-sizes.

Let us now examine the term E{f(r(n), £, v*(n))}. Consider first the weighted norm E{|r(n)|%}:
E{r'(n)Er(n)} = E{ry () Br,(n)} + E{r. (n) Sr(n)} + B{r,(n) Sry(n)} —2B{r, (n)Ery(n)}  (56)

We observe that the stochastic components in r,,(n), r.(n) and r,,(n) are quadratic with respect to the step sizes with terms
of the form {py e} because of the presence of the step size matrix U (see (37) for their expressions). For sufficiently small

step sizes, and following the same reasoning as for matrix /K, a reasonable approximation is then

E{r"(n)Zr(n)}~r, Zr,+r/ Zr.+r,Zr, - 27 Zr,
(57
= Irll%
Likewise, using the small step size assumption, with Assumption 1, a reasonable approximation for E{r " (n) X B(n)v*(n)}
is

E{r'(n)SB(n)v*(n)} = r' S B E{v*(n)} (58)
It follows that E{f(r(n),X,v*(n))} can be approximated by

E{f(r(n),2,v*(n)} = |r|§ - 2r" B E{v*(n)}

(59)
= f(r, X, E{v*(n)}).
In this way, relation (52) can be approximated as follows:
E{|lv*(n+ 1|2} = E{|v"(n)|%,} + vee(GT) "o + f(r,0, E{v*(n)}). (60)
where we are using the notation || - |4 and || - |2 interchangeably to refer to the same square weighted norm using X or its

vector representation.

Theorem 2: (Mean-square stability) Assume data model (1) and Assumption 1 hold. Assume that the step sizes {py } are
sufficiently small such that condition (47) is satisfied and approximations (55) and (59) are justified by ignoring higher-order
powers of {yy}. Then, the diffusion LMS strategy (6)-(8) applied over multitask networks is mean-square stable if the matrix

K is stable. Under approximation (55), the stability of K is guaranteed for sufficiently small step-sizes that also satisfy (47).

Proof: Tterating (60) starting from n = 0, we find that

n

E{|lv*(n+ D)3} = 10" (0)[5ni1, +vec(GT)T Y K'o+ Z f(r,K'o, B{v*(n —1)}) (6D
=0 i=0



with a deterministic initial condition v*(0) = w(0) — w*. Provided that K is stable, the first and second terms on the RHS
of (61) converge as n — oo, to zero for the former, and to a finite value for the latter. Consider now the third term on the
RHS of (61). We know from (45) that E{v*(n)} is bounded because (45) is a BIBO stable recursion with a bounded driving

term —r,, + 7. Moreover, from the expression in (59),
f(r, Ko, E{v*(n—1)}) = (vec{r'rT})TKiU —2(BE{v*(n—i)}er) K'o. (62)

Since K is stable, there exists a matrix norm [36], denoted by ||-

p» such that | K|, = ¢, < 1. Applying this norm to the

above equation and using the triangular inequality, we can deduce that
If(r,K'e, E{v*(n —)})ll, <v¢, (63)

for some positive finite constant v. It follows that the sum in the right-most term of (61) converges as n — co. We conclude
that E{||v*(n+1)||2} converges to a bounded value as n — oo, and the algorithm is mean-square stable for sufficiently small

step-sizes. [ ]

Corollary 1: (Transient MSD) Considering sufficiently small step sizes p that ensure mean and mean-square stability,
and selecting 3 = %I ~NL, then the MSD learning curve of the diffusion LMS algorithm in a multitask environment, defined

by ¢((n) = +E{[|v(n)||?}, evolves according to the following recursion for n > 0

N
N L
C(n) = ¢*(n) + D0ty (64)
k=1
where (*(n) is evaluated as follows

* * 1 T n *
Cn+1) =)+~ (el &Y Ko = [0 O, o seyseray + 7,

(65)
= 2(T(n) + (B E{v* (m)}) " @r7) o)
L(n+1) =T(n)K + (BE{v*(n)})" @r")(K — Iyy) (66)
with o7 = vec{{; Iy}, and the initial conditions ¢*(0) = + [|v*(0)]|* and T'(0) = 0y (n1)2.
Proof: The MSD at time instant n can be expressed as a function of v*(n) as
1
¢(n) = E{lom)]*}
1 (67)
= LB )7} + 5 Zaek
Comparing (61) at time instants n + 1 and n, we can relate E{||v*(n + 1)||%} and E{|lv*(n)|%} as follows:
* * T n *
E{llv*(n+ D)5} = E{llv* ()3} + (vee{G}) Ko — [0 (O)IIFr,, ,-1)x70
" | 0ot 4 (68)
+ Zf(r,KloyE{'u(n -} — Z f(r,K'c,E{v(n—1—-1)}).
i=0 1=0

Expression (68) can be reformulated as (see [34, Theorem 3] for a similar derivation showing how to get from (68) to (70)):
T n
E{|v*(n+ 1[5} = E{llv* (0[5} + (vee{G}) K" —|lv" ()7}, ,—royxcno + Il
—2(T'(n) + (BE{v*(n)})' ®@r")e

L(n+1)=T()K + (BE{v*(n)})" @r ) (K ~ I3 (70)

(69)



with T'(0) = O(zn)2. To derive the transient curve for the MSD, we replace o by Vec{ Inp}. [ ]

Corollary 2: (Steady-state MSD) If the step sizes are chosen sufficiently small to ensure mean and mean-square-error

convergences, then the steady-state MSD for diffusion LMS in a multitask environment is given by

1
MSDretvork _ < (VGC{GT})T (I(NL)2 _ K)*lveC{INL}

1 L X (71
+ f(r, ~ I veyz — K)Hvee{Tn}, B{v* (00 ) N ;
with E{v(c0)} determined by (48).
Proof: The steady-state MSD is given by the limit
1
MSD"™"°* = lim —E{||v(n)||2}
n—oo
J (72)
— * 2 2
= tim (o )P+ 5 D0
k=1
Recursion (60) with n — oo yields
. T N
nh%rr;o E{||v*(n)||%I(NL)27K)J} = (vec{GT}) o+ f(r,o, E{v*(c0)}). (73)
In order to use (73) in (72), we select o to satisfy:
1
(I(NL)2 —K)O': NveC{INL}- (74)
This leads to expression (71). |

The steady-state MSD can be expressed in an alternative form, which will facilitate the performance analysis. Since K is

stable when the network is mean-square stable, we can write

oo

(Inpy: — K ZKZ > (BT®BT). (75)

1=0

Consider now the following formula involving the trace of a product of matrices and the Kronecker product [40]
trace{ X| X5 X3 X, } =vec{X} (X4 ® X5)vec{X3} (76)

where X; to X4 denote matrices with compatible sizes. Using expansion (75) with (76), the first term on the RHS of (71)

can be expressed as follows

1 1 & ) ,
v (vec{GT})T (Inpyz — K) 'vec{Inp} = ¥ Ztrace{B] GB'") (77)
=0

Similarly, the second term on the RHS of (71) can be written as
1
F(r 5 Toveye = K)vee{Ins ), B{v* ()}

vy — K)vee{Inz} — 2vecl (BE{w* ()} 1) T} t-(Townye — K) veelInz} (g5,

=vec{rr'}' N

_ % itrace{Bj T — 2 BE{v*(c0)} 7T BT}
j=0

Substituting expression (48) of E{v*(co)} into this equation, we get

f(r, %(I(NL)Q — K) 'vec{In.}, E{U*(oo)}) = % > wrace{B/[In; +2B(I - B) '|rr' BT} (79)
j=0



Finally, we can express the steady-state MSD (71) as

1 & : BT, L al
network __ —1 T
MSD = 7N j:EOtrace {BJ (G+(INL+2B(INL—B) )’I”T‘ } 7N E: (80)

In the sequel, this formulation will allow us to compare the performance of different algorithms.

C. Performance comparison with non-cooperative LMS

We shall now compare the performance of the ATC and CTA diffusion LMS algorithms with the non-cooperative LMS
strategy when applied to a multitask network. We consider the case of uniform step sizes, u; = u, for a meaningful comparison.

Diffusion LMS degenerates to non-cooperative LMS by setting
C=1Iy, Ai=1Iyn, As=1Iyn 81)
from which the performance of the latter can be easily derived. In this case, matrices B and G reduce to
By =1y — pH (82)
Gims = p* diag{o2 | Ry 1,...,02 yRo v} (83)

where we use the subscript LMS for clarity. Note that in this case we have r,(n) = 0. In addition, since N, = {k} and

uj;, = 0, we have r,(n) = 0. This implies that = 0. The steady-state MSD for non-cooperative LMS is then given by:

MSDreork — Z trace (Blmb Gims m) Z 02 (84)

It is useful to note that the matrices B and G for diffusion LMS can be expressed in terms of By, and Giys:
B=A; (In, —pH) A/
= A‘zT Bins ~AlT
G=u*AjC’ diag{afﬁlRmyl, ce JZNR:C,N} CA,
=A, C' Gy C Ay

(85)

with A; = I'y for the ATC diffusion strategy, and A, = Iy for the CTA diffusion strategy. Using the series expansions for
MSD"™™ork and MSDJ™°™% | the difference between the MSDs for non-cooperative LMS and diffusion LMS is given by

Ims

1 ;
MSDi ™k — MSD™ ™ — 3" trace { By, Gins Bip, - B G B’ |
=0

o (86)
- % 3 trace {Bj (Inp +2B(In; — B)™Y)rr") BjT} :

Note that the first term is the difference in performance between the non-cooperative LMS strategy and the cooperative diffusion
strategy. It was first analyzed in [36] and, because it is not specific to the multitask context, it is denoted by AMSD™™°*_ Only

the second term, which depends on , is specific to the multitask scenario. Thus, it is denoted by AMSD™ ™ (7). Therefore,

MSDnetwork MSDnetwork AMSDnetwork AMSDnetwork (T) (87)

Ims multi

In order to obtain analytical results that allow some understanding of the algorithm behavior, we further assume that the

matrices C', A; and A, in the diffusion implementation are doubly stochastic, and the regression covariance matrices are
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uniform across the agents, that is, R, = R,. With these assumptions, it was shown in [36] that the first term AMSDPetvork

on the RHS of (86) is always nonnegative, namely,

trace {Bj

Ims

GBI — B GBjT} > 0. (88)

Ims

network

We need to check under which conditions the second term AMSD}; i

(r) on the RHS of equation (86) is nonnegative
so that it can be viewed as a degradation factor caused by the multitask scenario. Introduce the symmetric matrix Z =

Inp + QB(INL — B)il =2 (INL — B)il — I'n,. We find that

1 > )
AMSD k() = v ( 3 BJTBJ) Zr
i=0 (89)

N r'"(Iny—B'B)™'Zr

We conclude that expression (89) is non-negative for all » if, and only if, (Iny — BTB)_1 Z is a symmetric positive
semidefinite matrix. Now, we show that this condition is met for a large class of information exchange protocols. Assume,
for instance, that either A; or A, is symmetric, depending on whether the focus is on the CTA or ATC strategy. Recalling
conditions R, = R, and p; = p for uniform data profile, it then holds that B is a symmetric matrix. Let us examine the

1

eigenvalues of (Iyp — BQ)_ and Z. They can be expressed in terms of the eigenvalues of B as:

Me{(Inp —B?*) 7'} = #
- i {B}
MZ = — 2 k .
M T NBY

for all k, where \;{-} denotes the k-th eigenvalue of its matrix argument. It follows that (Iy;, — B?)~' and Z are positive
definite if B is stable. Now, we need to check that the product (I — BQ)_1Z is a symmetric positive semidefinite matrix.

To proceed, we consider the following property:

Lemma 1: (Positivity of a matrix product) [41] Given two symmetric positive semidefinite matrices X; and X, with
compatible sizes. Then, X1 X, is symmetric positive semidefinite if, and only if, X ; X» is normal, that is, if the following

equality is satisfied: (X1 X2)(X1X2)" = (X1X2) (X1 X>). [ |

By setting X1 = (Inp — BQ)_1 and X, = Z, observe that X1 X, is symmetric:

X1Xo= Iy —B*) '[2(Iny — B)™' — Iny] o

=2(In, —B) *(Inp +B) '(Inp —B)™' — (I, — B?) 7' = (X1 X3)"
It then holds that (I — B*)~' Z is normal. By Lemma 1, (I — B?)~' Z is a symmetric positive semidefinite matrix,
which means that AMSD?;J‘{:{”I‘(T) is nonnegative under the conditions specified above. It follows that this term can be viewed

as a degradation factor caused by the cooperation of nodes performing different estimation tasks, which can be expressed as

%HTH%‘,NLiBQ),lZ. We summarize the results in the following statement.

Theorem 3: (Non-cooperative vs. cooperative strategies MSD) Consider the same setting of Theorems 1 and 2, with
the additional requirement that the conditions for a uniform data profile hold. The adaptive ATC or CTA diffusion strategies

perform better than the non-cooperative strategy under doubly stochastic A and C' if

AMSDnelwork _ AMSDnetwork(T) >0 (92)

multi



network
multi

Assuming that matrix A is symmetric, then AMSD (r) is positive. In this case, the multi-task environment leads to a

degradation in MSD performance that is given by

multi

N 1
AMSDPWO () — N||r||§,NL_BZ)_1Z (93)

where Z = Q(INL — B)_l —Inp.

Although condition (92) allows to determine whether using the diffusion LMS is beneficial for multitask learning compared
to the non-cooperative LMS strategy, it cannot be easily exploited to estimate appropriate combination coefficients because
of its complexity and the need to handle dynamic problems. The aim of the next section is to derive an efficient strategy to

estimate these coefficients.

IV. NODE CLUSTERING VIA COMBINATION MATRIX SELECTION

We now derive a clustering strategy where each node k can adjust the combination weights agi in an online manner, for
¢ € N}, in order to adapt to multitask environments. It is sufficient to focus on the adapt-then-combine diffusion LMS defined
by steps (7) and (8). For ease of presentation, the corresponding algorithm is summarized below:

Pir(n+1) = wi(n) + e Y cowae(n) [de(n) — 2] (n)wy(n)]
LeEN; k

wr(n+1) = Z agp Po(n+1)

LENT,

(94)

where agj; is used instead of ag ¢. As shown in the previous section, running (94) in a multitask environment leads to biased

results. We now discuss how to cluster nodes in order to reduce this effect.

A. Clustering via matrix A adjustments

In the spirit of [35], we suggest to adjust matrix A in an online manner via MSD optimization. At each instant n, the
instantaneous MSD at node k is given by

E{vi(n+ 1)) = B{|wj — Y anv,(n+D|?} ©95)

EENk

provided that the optimum wj, is known. Because the matrix A is assumed left-stochastic, this expression can be rewritten as

Eflvin+ D))} = D > amap E{[w) — p,(n+ 1)) [wh -, (n+1)]} . (96)

LEN, pEN},
Let W), be the matrix at each node k with (¢, p)-th entry defined as

E{[w}, —,(n+ 1] [w; —p,(n+1)]}, LpeNy

[lep = 7
0, otherwise
Let ax = [a1k, ..., a Nk]T. We can pose the following optimization problem for node £ at time n:
n;ikn a; W, a
subject to 1y ar =1, ag >0, (98)

g =0 if £& Ny
It is generally not possible to estimate the combination weights by solving this optimization problem because each node k needs

to know the optimum wj, and the cross-covariance terms, [Pr] ¢p» Which are not available beforehand. To make this problem



tractable, we approximate the matrix W by an instantaneous value, drop its off-diagonal entries, and use an approximation

for wj. Problem (98) is thus replaced by:

N
min Y afy [[@f — b (n+ 1)
{=1

99
subject to 1; a,=1, ap >0, ©9)
Qe = 0 if ¢ ¢ Nk
where W, is some approximation for w}. The solution to this problem is given by
K 1 -2
amm(n + 1) = @1 — We(n+ D) for £ € Nj.. (100)

ZjeNk [wy — "bg(n + )=
Let us now provide a reasonable approximation for wj, to be used in (100). In order to reduce the MSD bias that results from

the cooperation of nodes performing distinct estimation tasks, one strategy is to use the local one-step approximation:

wi(n+1) = ¢y(n+1) — g VJg(w)] (101

w=1(n+1)
Since the true gradient of Ji(w) at ¥, (n+1) is not available in an adaptive implementation, we can approximate it by using the
instantaneous value g (n) £ ex(n)xy(n) with ex(n) = [dx(n) — ] (n)1p,(n + 1)]. This yields the following approximation:

wi(n+1) =Yy (n+1) + pu qi(n) (102)

Substituting this expression into (100), we get the combination rule

l%bx(n+ 1) + 1 q(n) = Pe(n+ D]~
Yien 1r(n+ 1) + i gi(n) = o (n+ 1] 727

This rule admits a useful interpretation. On the one hand, as mentioned above, it relies on the local estimate (101) in order

ag(n+1) = for £ € N. (103)

to reduce the MSD bias effect caused by the cooperation of neighboring nodes estimating distinct parameter vectors. On the

other hand, consider the inverse of the numerator of rule (103):

by (n + 1) + ik g (n) — py(n+ 1)

= l[9pe(n+1) — i (n+ DI + 2[pe(n + 1) — i (n+ D) [=pr a1, ()] + p; [ ai ().

(104)

The first term ||1p,(n+1) — b, (n+1)||? on the RHS accounts for the distance of the current estimates between nodes k and /;
this term tends to decrease the combination weight ag,(n + 1) if this distance is large, and to limit information exchange.

Now, consider the first-order Taylor series expansion of Ji(w) at ¥ (n + 1):

Je() & Je(py(n+ 1)) = [¢ — ¥y (n + 1)] " g4 (n) (105)

The second term [tp,(n+1) — 1, (n+1)] T [~k g1 (n)] on the RHS of (104) is proportional to J (1, (n+1)) — Jx (1, (n+1)).
This term also tends to decrease the combination weight ag,(n+1) if Ji(¥,(n+1)) > Ji(¥,(n+1)). Indeed, in this case, it
is not recommended to promote the combination of models 1, (n+ 1) and v,(n + 1) because the latter induces an increase of
the cost function. Finally, the last term 3 ||q,(n)||? is the same for all £ € Nj. To summarize this discussion, the combination
rule (103) considers the closeness of the local estimate to the neighboring estimates, and the local slope of the cost function, to
adjust the combination weights. This tends to promote information exchange between nodes that estimate the same optimum

parameter vector, and thus to reduce the MSD bias and improve the estimation accuracy.



B. Algorithm

The flexibility of multitask networks may be exploited by considering distinct cost functions for each node. This raises the

issue of sharing information via the exchange matrix C, which can be simply set to the identity I, i.e.,
C=1Iy (106)

However, the time-variant combination matrix A(n) determined by (103) describes how each agent combines the parameter
vectors transmitted by its neighbors as a function of the estimated contrast between tasks. An additional way to exploit this

information is that each agent uses the reciprocity principle defined by
Cin+1)=AT(n+1) (107)

The rationale underlying this principle is that the magnitude of ay reflects the similarity of the estimation tasks performed by
nodes k and /, as it is perceived by node k. It is reasonable that node ¢ should use this information, and weight the local cost
function accordingly. The smaller as is, the smaller cx; should be because nodes k£ and ¢ do not address the same estimation
problem. Other strategies, in the spirit of (103), may be considered to estimate the coefficients cyy. Simulations will however
confirm the effectiveness of (107). The ATC diffusion algorithm with adaptive clustering defined by time-variant combination

matrices A(n) and C(n) is finally summarized in Algorithm 1.

Algorithm 1: ATC Diffusion LMS with adaptive clustering for multitask problems
Parameters: Preset non-negative step sizes py for all nodes.

Initialization: Set the combination matrices C(0) = Iy and A(0) = Iy.
Set initial weights wy(0) =0 for all k =1, ..., N.
Algorithm: At each time instant n > 1, and for each node k, update 1, (n + 1):

Pr(n+1) = wi(n) + Z cop(n) [de(n) — 2/ (n)wy(n)] zo(n) (108)
LEN

Update the combination coefficients:
qi(n) = [d(n) — @ (n)1pr(n + 1)] @k (n)
%5 (n + 1) + s @r(n) — p(n + 1))

) e T+ D)+ g () — 5+ D) (109
Optional:  ¢xe(n + 1) = ag(n+1)
Combine weights:
wi(n+1) =Y ag(n+1)¢p(n+1) (110)

LEN,

V. SIMULATIONS

In this section, we first conduct simulations on a simple network in order to illustrate the accuracy of our mean weight and
mean-square error behavior analyses. Next, we apply the adaptive clustering strategy on a multitask network with an inherent

cluster structure, to illustrate its performance and effectiveness. Finally, an application-oriented example focused on multi-target
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(a) Network topology.

(b) Input variances (top) and noise variances (bottom).

Fig. 1. (a) Network studied in Section V-A, with 8 nodes. (b) Input signal and noise variances for each sensor node.

tracking is considered to show how the proposed algorithm performs. In what follows, we consider the ATC diffusion LMS
algorithm, that is, A; = Iy. In order to simplify the notation, we denote by A the combination matrix. All nodes are initialized

with zero parameter vectors wy(0), and all simulated curves are obtained by averaging over 100 Monte-Carlo realizations.

A. Model validation

We shall now provide simulation results to validate the theoretical derivations, and to discuss the behavior of diffusion LMS
run in a multitask network. For simplicity, we consider a small network consisting of 8 nodes with interconnections shown in
Figure 1 (left). The parameter vectors to be estimated are of length L = 2. The optimum mean vectors are uniformly distributed

on a circle of radius r centered at w,, that is,

W' = w. 1 cos 0y,
k= Wy
sin 0y, (111)

0, = 2r(k —1)/N + /8

The regression inputs x(n) were zero-mean 2 x 1 random vectors governed by a Gaussian distribution with covariance matrices
R, = 037 X1, and 037 . shown on the top of Figure 1. The background noises zj(n) were i.i.d. zero-mean Gaussian random
variables, and independent of any other signal. The corresponding variances ai . are depicted at the bottom of Figure 1. We
considered the ATC diffusion LMS with measurement diffusion governed by a uniform matrix C' such that cg, = | N k|’1 for
all £ € Ny. The combination matrix A simply averaged the estimates from the neighbors, that is, s = |/\/;€|_1 for ¢ € N}.
The step sizes were set to p, = 0.01 for all nodes.

1) Stationary optimums: We first check the convergence analysis with stationary parameter vectors, that is, ‘7527 x = 0 for
all nodes. Four groups of coefficient vectors, centered at w, = [1, —0.5]T with »r = 0, r = 0.03, » = 0.05 and r = 0.1 were
considered, as illustrated in Figure 2. Note that the case » = 0 corresponds to the single-task network where w; = w, for
each node. Running ATC diffusion LMS with these four settings, we obtained the MSD curves shown in Figure 3. Observe
that the theoretical and simulated transient MSD curves are accurately superimposed. The non-cooperative LMS algorithm was

also considered. Since the average steady-state MSD of the non-cooperative LMS algorithm over all nodes is approximately
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Fig. 2. Node coefficients centered at w, = [1, —0.5]T with r =0, » = 0.03, » = 0.05 and » = 0.1 (from left to right).

given by [38], [39]:

N 2
MSDi* = % ; mhes =] (112)
then the MSD behavior with the different settings is almost the same, provided the other parameters remain unchanged.
Consequently, the theoretical MSD curve for the non-cooperative LMS algorithm is only provided for » = 0.05. It can be
observed that diffusion LMS can still be advantageous over non-cooperative LMS if the differences between local optimum
weight vectors are sufficiently small, 7 = 0 and r = 0.03 in this simulation. However, when the contrast between the tasks
increases, diffusion LMS provides lower performance than non-cooperative LMS due to the bias introduced by the algorithm,
7 = 0.05 and » = 0.1 in this simulation. We also provide the mean weight behavior of diffusion LMS and non-cooperative

LMS for = 0.05 in Figure 4. The Pareto optimal solution can be calculated as

N

Wharero = argmin Y _ E{|dy(n) — a (n) w]’}
k=1

N *
2 he1 O W (113)
=5 5

D k=1 U?c,k-

= [1.011 —0.5011] "

Figure 4 (left) shows that diffusion LMS converged to w},,.,, With a bias on the order of O(umax) [21]. Figure 4 (right) shows

that non-cooperative LMS converged towards the multiple optimums without bias.

2) Randomly perturbed optimums: We now consider the network described previously with r = 0 so that the differences
between the optimum weight vectors wj(n) arise from the random perturbations €j(n). Keeping all the other parameters
unchanged, the variance of these perturbations was successively set to o2 = 0, 0.01, 0.05 and 0.1 for all the agents. MSD
curves for diffusion LMS and non-cooperative LMS are provided in Figure 5. It can be observed that diffusion LMS always

outperformed its non-cooperative counterpart. This experiment shows the advantage provided by cooperation. The relative
2

€

performance gain becomes smaller as ¢- increases because weight lags caused by random perturbations dominate the estimation

€ITor.
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Fig. 3. Network MSD behavior for the deterministic case. Theoretical MSD curves were obtained by Theorem 3 and steady-state MSD

values were obtained by Theorem 4. Simulated and theoretical transient MSD curves are perfectly superimposed.
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Fig. 4. Mean weight behavior for diffusion LMS (left) and non-cooperative LMS (right) with » = 0.05.

1000

3) General settings: To check the convergence analysis in the case where tasks differ by both their mean value and

random perturbations, diffusion LMS was tested in the following experimental settings pictorially described in Figure 6:

Sy : {r=10.01,0. = 0.01}

Sy : {r =0.05,0. = 0.015} (114)

S3:{r=0.1,0, =0.015}
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Fig. 5. Network MSD behavior for the perturbation-only case. Theoretical MSD curves were obtained by Theorem 3 and steady-state MSD

values were obtained by Theorem 4. Note that simulated and theoretical transient MSD curves are superimposed.

-0.46

-0.4 -0.35

~0.47 -0.42
-0.44
-0.48
-0.46
—0.45¢
-0.49
-0.48

—0.51\ -0.52

-0.55r
-0.54
-0.52
-0.56
-0.53
-0.58

-0.54

- 1
® Weights wy \ ) 30, region

. o . -0.6
® Weights wi o\ ) 30 region

- = — -0.65)
® Weights wj \ ) 3ocregion

0.96 0.98 1 1.02 1.04 0.9 0.95 1 1.05 11 0.85 0.9 0.95 1 1.05 11 115

Fig. 6. Node coefficients centered at w, = [1, —0.5]T with 7 and o2 defined by Si to Sz (from left to right).

The MSD curves shown in Figure 7 illustrates the validity of the analysis.

B. Adaptive clustering in multitask networks

We shall now illustrate the performance of diffusion LMS with adaptive clustering in a multitask environment. Our approach
is compared with the strategy introduced in [35]. For the latter, as suggested in [35], the so-called smoothing factor v was set
to 0.1. A stationary problem is first considered. Next, a dynamic problem with time-varying clusters is introduced in order to
confirm the reliability of our approach.

1) Stationary environment: Consider the network of 16 agents depicted in Figure 8(a). The regression inputs @y (n) were

zero-mean 2 X 1 random vectors governed by a Gaussian distribution with covariance matrices R, ; = O'g I, and O'g &
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Fig. 7. Network MSD behavior for the general case with settings S1, S2 and S3. Theoretical MSD curves were obtained by Theorem 3

and steady-state MSD values were obtained by Theorem 4. Simulated curves and theoretical curves are accurately superimposed.

shown at the top of Figure 8(b). The background noises z;(n) were i.i.d. zero-mean Gaussian random variables, independent
of any other signals. The corresponding variances O’? i are depicted at the bottom of Figure 8(b). The scenario under study is
a multitask problem with a cluster structure. All agents in the same cluster share the same optimum weight vector. Nodes 1
to 4 belong to the first cluster. Nodes 5 to 9 are in the second cluster. Nodes 10 to 14 compose the third cluster, and nodes

15 and 16 are in the fourth cluster. The parameter vectors to be estimated are as follows:

05 —04]T k=1,...,4 Cluster 1
06 —02]T k=5,...,9 Cluster 2
w} = (115)
[0.3 —0.3]" k=10,...,14  Cluster 3
[-0.8 0.5]T k=15,16 Cluster 4

Note that optimums for cluster 1, 2 and 3 are quite close, whereas the optimum for cluster 4 acts as an abnormal interference.
Moreover, although nodes 15 and 16 have the same parameter vector to estimate, they cannot cooperate since they are not
connected. The following algorithms were considered for estimating the four optimum parameter vectors: 1) diffusion LMS
with a uniform combination matrix A, 2) non-cooperative LMS, 3) diffusion LMS with the clustering strategy introduced
in [35], 4) diffusion LMS with our clustering strategy, with C = I and C(n) = A" (n). The step size was set to u = 0.01
for all nodes.

Figure 9 presents the mean weight behavior for these algorithms. As expected, diffusion LMS with a uniform combination
matrix made all nodes converge to the same Pareto optimum, so that it failed to determine multitask optimums. The non-
cooperative LMS estimated the optimum weight vectors without bias. The algorithm from [35], which generally performs well
for well-separated tasks and randomly well-separated initial weights, did not perform well in the setting under consideration. The
proposed algorithm showed the same convergence behavior for C' = I and C(n) = A" (n). Only the case C(n) = A" (n)

is presented here due to space limitation. It can be observed that, for each node, the parameter vector converged properly
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Fig. 8. Network topology in Section V-B1 and associated input variances and noise variances.

in accordance to the cluster structure. Figure 10(a) illustrates the MSD convergence behavior for these algorithms. Due to
large bias of the estimated weights, diffusion LMS with a uniform combination matrix had large MSD. Non-cooperative LMS
performed much better as it provides unbiased estimates. The proposed algorithm with C' = I achieved better performance, and
C(n) = AT(n) led to additional performance gain due to information exchange. Finally, in order to provide a straightforward
but visually-meaningful clustering result, we averaged the combination matrix A over the last 100 iterations of a single
realization, and we considered that ag; > 0.05 represents a one-way connection from ¢ to k. The estimated relationships
between nodes provided in Figure 10(b) perfectly match the ground truth configuration.

2) Non-stationary environment: Consider now a more complex environment where clusters vary over time. Four stationary
stages and three transient episodes were modeled in this experiment. Properties of input signals and noise were the same as
those in the stationary case considered above. From instant n = 1 to 1000, the network consisted of one cluster with a unique
optimum parameter vector to estimate. From n = 1501 to 2500, nodes were split into two clusters with two different optimums.
From n = 3001 to 4000, nodes were split again to give four clusters. Finally, from instant n = 4501, nodes were aggregated
into one cluster with a unique parameter vector to estimate, which was different from the first stage. Transient episodes were
designed with linear interpolation between each steady-state stage over a period of 500 time samples. Taking, for example, the
first component of the weight vector of node 1 over the time interval 1 to 2500, the time-variant optimum w7 ; (n) is expressed

by

0.3, n=1,...,1000
wiy(n) =1 0.3+ %2503(n —1000), n=1001,...,1500 (116)
0.5, n = 1501, ...,2500

Cluster structures and optimum parameter vectors are illustrated in Figures 11 and 12, respectively.
The same four algorithms as before were considered for comparison. MSD learning curves are shown in Figure 14. Transient
stages can be clearly observed on both weight behavior and MSD behavior curves. Diffusion LMS enforced the weight vectors

estimated by each agent to converge to the same solution at each stage. As a consequence, the MSD learning curve shows poor
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Fig. 9. Mean weight behavior of the various algorithms. Colors of curves are consistent with cluster colors in Figure 8(a). Black horizontal
lines represent ground-truth optimum values. The weight iterates were initialized at the same value in plot (c). If random well-separated

initial conditions are used across the nodes, then the performance of (c) becomes similar to that of (b).

performance due to large bias. Non-cooperative LMS converged without bias towards the optimum parameter vectors. The
algorithm introduced by [35] showed some ability to conduct clustering but did not provide satisfactory results during transient
episodes. During stages 1 and 4, it worked as well as diffusion LMS. However, during stages 2 and 3, it only performed
slightly better than diffusion LMS. The proposed algorithm was able to track the system dynamic with correct clustering and

appropriate convergence in the mean-square sense.

C. Multi-target tracking with sensor networks

Consider now a target tracking problem to illustrate our adaptive clustering strategy with diffusion LMS. We focused on a

scenario involving four targets, numbered from ¢ = 1 to 4, moving according to the state-transition equation

zi(n+1)=T7 z;(n) + z;(n) for i=1,...,4, n=20,...,100. (117)
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(averaged over the last 100 instants in one realization).

Fig. 11. Evolution of cluster structures of the network (1 cluster — 2 clusters — 4 clusters — 1 cluster).

where x;(n) denotes the 2-dimensional coordinates for target 7 at instant n. Matrices T'; are 2 X 2 state-transition matrices

defined as

1.0019 —0.0129 1.0149 —0.0014 1.0128 —0.0041
T . T R . Ti=TF (118)
0.0187  1.0034 0.0033  1.0034 0.0156  1.0086

and z;(n) is the modeling error with i.i.d. zero-mean Gaussian distribution with covariance matrix o2 I. The standard deviation

was set to 0, = 0.01. The initial coordinates for the four targets were
x1(0) = x2(0) = x3(0) =[1 —1]7,  x40)=[1.2 —1.2]" (119)

Transition matrices (118) and initial coordinates (119) show that targets 1, 2 and 3 started from the same location with
movements governed by distinct state-transition equations, while targets 1 and 4 had movements governed by the same state-
transition equation but started from different positions. Figure 15(a) shows the trajectories of the four targets from instant
n = 0 to 100. A network with N = 100 nodes was randomly deployed in a given area, with physical connections defined by

the connectivity matrix in Figure 16(a).
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We supposed that each node was able to track only one target during the experiment, with noisy observations &y (n):
Zr(n) = xr(n) + ur(n) for k=1,...,N (120)

with ug(n) an i.i.d. zero-mean Gaussian observation noise with covariance matrix 021 and standard deviation o,, = 0.01. For
ease of presentation, we assume that nodes 1-25 tracked target 1, nodes 26-50 tracked target 2, nodes 51-75 tracked target 3,
and nodes 76-100 tracked target 4.

Considering &(n) as input data and &(n + 1) as desired output data for the learning algorithm, each nodes aimed to track
a target or, equivalently, to estimate its transition matrix given input-output noisy data. Without cooperation, this task can be

performed by each node k by minimizing the following cost function with respect to matrix T'j:
Ji(Ty) = E||&k(n+ 1) — Ty, x(n)|? fork=1,...,N (121)

Collaboration among nodes may be beneficial as several nodes are conducting the same task, including nodes that track the
same target and nodes that track distinct targets with the same state-transition matrix. Clearly, diffusion LMS with a uniform
combination matrix is not suitable within this context since neighboring nodes may not have the same task to conduct. This
problem requires adaptive clustering to automatically aggregate nodes that perform a similar task.

Algorithm 1 was run with C = I'y. Because matrices T, have to be estimated, each node conducted the following steps

Instantaneous gradient: Q.(n) = &p(n) [@p(n +1) — Tr(n) Zx(n)] " (122)

Local update: Wi(n+1) = ¥r(n)+ pnQiln) (123)
125 (n+1) +pQu(n) — Te(n +1)|5’
> e 1®k(n +1) + ik Qi (n) — ¥ j(n+ 1)) 57

Combination: Tr(n+1)= Z ae(n) Tr(n+1) (125)
LENG

Combination coefficients: agp(n) = (124)
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Fig. 13. Mean weight behavior of various algorithms in the non-stationary environment. Colors are consistent with cluster colors in

Figure 8(a).

The algorithm was initialized with T, (0) = I, and the step size p was set to g = 0.05. Figure 15(b) shows the MSD
learning curves of transition matrices estimated by non-cooperative LMS, and diffusion LMS with adaptive clustering strategy,
averaged over 100 Monte-Carlo runs. The performance gain can be clearly seen from these figures. Figure 16(b) shows the
connectivity matrix determined by the clustering strategy at iteration n = 100. To construct this figure, we considered that
2 nodes are connected if agr > 0.05. It can be seen that connections are distributed in 4 blocks on the diagonal, each one
corresponding to a target, and 2 other blocks (upper-right and lower-left ones) where nodes track two distinct targets with the
same state-transition matrix. This result is consistent with the experimental setup and shows the effectiveness of our clustering

strategy.

VI. CONCLUSION AND PERSPECTIVES

Diffusion LMS algorithm is an efficient strategy to address distributed optimization problems over networks in the case where
nodes have to collaboratively estimate a single parameter vector. However, many problems of interest happen to be multitask-
oriented in the sense that there are multiple optimum parameter vectors to be inferred simultaneously and in a collaborative
manner. In this paper, we studied the performance of the diffusion LMS algorithm when it is run, either intentionally or

unintentionally, in a multitask environment. Accurate mean weight behavior model and mean square deviation model were
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Fig. 14. Network MSD behavior comparison in the time variant multitask environment.

derived. Next, we proposed an unsupervised clustering strategy that allows each node to select, via adaptive adjustments of
combination weights, the neighboring nodes with which it can collaborate to address a given task. Simulations were presented
to demonstrate the efficiency of the proposed clustering strategy.

Several open problems still have to be solved for specific applications. For instance, it would be interesting to show which
regularization can be advantageously used with our adaptive clustering strategy, and how they can be efficiently implemented
in an adaptive manner. It would also be interesting to investigate asynchronous scenarios where adaptive multitask networks

have to handle critical events such as random link failures, random data arrival times, and agents turning on and off randomly.
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